More insight in multiple bonding with valence bond theory. a b s t r a c t An original procedure is proposed, based on valence bond theory, to calculate accurate dissociation energies for multiply bonded molecules, while always dealing with extremely compact wave functions involving three valence bond structures at most. The procedure consists of dividing the bond-breaking into sequential steps, thus breaking one by one the separate components of the multiple bond. By using the breathing-orbital valence bond method , it is ensured that both static and dynamic differential electron correlations are taken into account in each step. The procedure is illustrated for typical examples of multiply bonded molecules, N 2 , C 2 and CO. The so-calculated total dissociation energies are at par with accurate calculations by state-of-the-art standard methods in the same basis set. The procedure also allows one to get some deep insight into the properties of the individual bonds that constitute the multiple bond. A so-called quasi-classical state is defined, in which the electrons of the bond under study have only one spin arrangement pattern, ab, thus disabling the exchange of the two spin arrangements that is necessary for a covalent bonding interaction to take place. Taking this quasi-classical state as a non-bonded reference, one may estimate the ''in-situ bonding energy'' of an individual bond, as calculated at the molecular equilibrium geometry and in the presence of the other electrons. The procedure may also be used to assess the preferred bond length of an individual bond, which is shown to amount to 1.33 Å for the r bond of N 2 , while the p bonds get stronger and stronger as the interatomic distance is shortened. Another application is the calculation of the resonance energy arising from the mixing of the ionic components of an individual bond to its covalent component, and the comparison of this resonance energy with the in-situ bonding energy. This shows that the r bond of N 2 and C 2 is a classical covalent bond. On the other hand, the p bonds have a substantial resonance energy that put them close to the category of charge-shift bonds.
Introduction
The calculation of accurate dissociation energies and dissociation energy profiles is perhaps the most challenging difficulty that any computational method has to face before being considered as fully reliable, and this is especially true in the case of multiple bonds. This is because both static and dynamic electron correlation energies are of crucial importance in the process of bond breaking. The problem becomes increasingly acute as a multiply bonded molecule is gradually stretched, as it quickly acquires strong multi-reference character. As an answer, a number of computational methods have been proposed during the last two decades, and most of them have been reviewed and evaluated in recent papers [1, 2] . Leaving aside the vast majority of density functional methods, which are not strictly ab initio owing to their use of adjustable parameters, methods for computing wave functions can be of the single-or multi-reference type. The first type of methods is generally sufficient for calculating dissociation energies, by calculating the molecule at equilibrium geometries and the separate fragments, without dealing with the whole dissociation curve. There are however some exceptions, e.g., with the C 2 molecule which has significant multi-reference character, even at equilibrium [3] . Be it as it may, old methods like truncated configuration interaction (CI) generally underestimate the dissociation energy, because they are not size-extensive if not improved by Davidson's correction [4] or by adding a quadratic term (e.g., QCISD [5] ) to remedy for this defect. By contrast, the widely used Møller-Plesset perturbative expansion to second-order (MP2) is size-extensive and very economical, but generally overestimates dissociation energies [2] .
The most widely used size-extensive single-reference methods are the coupled-cluster (CC) methods [6] , which may include high-order excitations. In practice, the most commonly used CC methods are truncated at the single and double excitations level (CCSD) and may treat triple excitations by perturbation (CCSD(T)) [7] . Even better accuracy may be reached in a CCSD calculation when the effects of the single excitations are absorbed into the orbitals. The resulting orbitals are called Brueckner orbitals, and a determinant composed of such orbitals has the maximum possible overlap with the exact wave function. This type of calculation, which has the advantage of solving spurious symmetry-breaking problems, is called the Brueckner Doubles method (B-CCD) [8] , and may also include additional perturbative estimate of the effects of triple excitations (B-CCD(T)) [9] . Other improvements of CC methods are the Renormalized-and Completely-Renormalized-CC methods [10, 11] , in which one corrects the standard CC singles and doubles (CCSD) energy for the effects of triply and other higher-than-doubly excited clusters.
In case the single electronic configuration is not a qualitatively correct description of the system, or when one wishes to study stretched molecules or whole dissociation curves, one has to use multi-reference methods, in which the zeroth-order wave function involves several Slater determinants or configuration state functions. Many multi-reference methods use the Complete Active Space Self-Consistent Field (CASSCF) approach as a starting wave function, which takes the static electron correlation into account. The remaining correlation (dynamic correlation), may be obtained by further CI, or by using perturbation theory, leading to the widely used CASPT2 approach [12] . A restricted active space may also be used, leading to the RASPT2 method. In the coupled-cluster family, multi-reference coupled-cluster (MRCC) methods [13] proved extremely successful, as well as their economical averaged-quadratic coupled-cluster (AQCC) variant [14] , which starts from a CC ansatz and approximates those quadratic terms which are necessary to get nearly size-extensive results.
While being beautifully reliable and accurate, all the above methods have the inconvenience of displaying quite complicated wave functions expressed as very long expansions of configuration state functions, be the latter treated by CI of by perturbative treatments, hence yielding very little chemical insight. Thus, we have no information about the interplay of the individual bonds that constitute the multiple bond, neither on their specific properties: are they weak or strong, what are their preferred bond lengths, their degrees of covalency, what is the importance of alternative spin-couplings, and so on. What is needed to get this extra information is a simple method, yielding compact and easily interpretable though accurate wave functions. The breathing-orbital valence bond (BOVB) method [15] displays these latter features, as describing any two-electron bond as a combination of only three VB structures, while including not only static correlation, but also the necessary dynamic correlation. Despite this compactness of the wave functions, the method has long been shown to provide accurate bonding energies [16, 17] , together with unique bond properties like coefficients and weights of the covalent and ionic VB structures, as well as resonance energies arising from their mixing. However, the BOVB method, in its original formulation, becomes more complicated in case of multiple bonding, because the total amount of VB structures that form a complete and non-redundant basis set rapidly increases with the number of orbitals and electrons. For example, a triple bond, which is a 6-electron/6-orbital system, requires as much as 175 VB structures, if all covalent and ionic structures are taken into account. Therefore, an alternative strategy has to be devised in order to get detailed information on the different components of multiple bonds, while still dealing with simple wave functions. The aim of the present work is to take up this challenge, and to devise an original method which will be applied to typical multiply bonded molecules, namely N 2 , C 2 , and CO.
Computational methods
A many-electron system wave function, W, is expressed in VB theory as a linear combination of Heitler-London-Slater-Pauling
where the U K functions correspond to 'classical' VB structures, and C K are the corresponding structural coefficients.
The weights of the VB structures are calculated by means of the Coulson-Chirgwin formula [18] , Eq. (2), which is the equivalent of a Mulliken population analysis in VB theory:
Here hU k |U L i is the overlap integral of two VB structures. The most basic ab initio VB procedure is the VBSCF method [19] , where the coefficients of both the orbitals determining the VB structures and structural coefficients themselves are variationally optimized simultaneously. This method takes static electron correlation into account. Dynamical correlation, however, needs to be included by a higher level method. One of these methods is the breathing-orbital valence bond method (BOVB) [15] that improves the VBSCF wave function without increasing the number of VB structures U K , by allowing each VB structure to have its specific set of orbitals, different from one VB structure to the other, during the optimization process. In this manner, the orbitals can fluctuate in size and shape so as to fit the instantaneous charges of the atoms on which these orbitals are located, and this has long been shown to bring in the differential dynamic correlation of a bond alongside a breaking process, i.e., that part of the total dynamic correlation that varies from the reactants to the products of the bond-breaking reaction [15] . In this work, both VBSCF and BOVB calculations use atomic orbitals (AOs) that remain purely localized on a unique center, so as to ensure a perfectly clear correspondence between the mathematical expressions of the VB structures and their physical meaning, ionic or covalent.
While the bond that is broken in a given bond-breaking reaction will be described at the BOVB level in this paper, the remaining bonds, that keep unchanged alongside the reaction, will be described at the generalized valence bond (GVB) level [20] , which uses semi-localized orbitals. With this method, the wave function for a two-electron bond is a formally covalent singlet-coupling between two orbitals / L and / R , which are optimized with freedom to delocalize over the two centers, as in Eq. (3):
where the normalization factors have been dropped, and u a and u b are purely localized orbitals. It has been shown that this description is equivalent to a classical description displaying explicit covalent and ionic structures defined with purely localized orbitals [21, 22] . For a multiple bond, when a unique VB structure is allowed (for example the triply-bonded structure 1 below), the GVB method is used in the so-called perfect-pairing approximation, GVB-PP. Both VBSCF and GVB calculations provide static correlation energy, but not dynamic correlation.
The VB calculations have been carried out with the Xiamen Valence Bond (XMVB) program, available within the GAMESS package. High-level reference calculations by standard methods in the molecular-orbital framework of MO theory were made by means of the Gaussian09 package [23] or taken from other authors. The correlation-consistent triple-zeta (cc-pVTZ) basis sets of Dunning and coworkers [24] was used.
Results and discussions
3.1. A strategy to probe the properties of individual components of multiple bonding
In multiple bonds, like in N 2 which will be used here to illustrate the method, it is not simple to experimentally determine separate bond energies and other properties for r and p bonds. In double bonds (e.g., ethylene), one can roughly estimate the p bonding energy as the rotational barrier, however this quantity also involves relaxation of the r bond and hyperconjugation in the twisted form. The problem gets even worse with triple bonds, since these species do not have rotational barriers. However, as we have amply shown before [25] , these difficulties can be bypassed by defining a non-bonded reference state for one particular bond (p or r), in which the two electrons maintain opposite spins but do not exchange. For example, if one wants to estimate the strength of one of the two p bonds in the triply bonded structure of N 2 , say the p x bond in the xz plane, the non-bonded state, socalled ''quasi-classical state'' W px QC in Scheme 1, is a function in which the electrons of the p x bond have only one spin arrangement pattern (only ab). Since the bonding energy in a covalent two-electron bond is essentially due to the exchange of the two spin arrangements (ab M ba), the quasi-classical state by itself has no bonding and can be taken as a non-bonded reference. Indeed, in such a state, the interactions across the unpaired p bond in W px QC involve only classical electron-electron repulsion, nuclear-repulsion and electron-nuclear attraction, and since the fragments are neutral, these terms sum to approximately zero. By contrast, the wave function W px full , which involves the three VB structures that are necessary to describe the p x bond under study (one covalent and two ionic ones, as shown in Scheme 1) displays a fully bonding p interaction. Thus, the difference between the energy of W px QC and that of W px full gives the in-situ bonding energy D px e of the p x bond at a given interatomic distance, i.e., the bonding energy that effectively stabilizes the electronic interaction of the p x bond without any other relaxation or reorganization term arising from other bonds.
The in-situ p-bonding energy is expressed in Eq. (4):
where the remaining r and p y bonds are treated at the GVB level (see Section 2), while the lone pairs are simple doubly occupied
MOs. It is also easy to define a function W px cov in which the p x bond is reduced to its covalent component, as illustrated in Scheme 1 where the curved line connecting the two electrons signifies the combination of the two spin arrangements, which is the very definition of a purely covalent bond. Here, the difference between the energy of W px cov and that of W px full gives the so-called ''charge-shift'' resonance energy RE px arising from the mixing of the ionic structures with the covalent one [26]:
Of course, analogous definitions will be used for probing the properties of the r bond, Eqs. (6) and (7):
where this time, the r bond is described at the BOVB level, while the other electrons are treated at a simpler level (vide infra). The above strategy and definitions can be used to get some specific insight and information that standard methods cannot provide: (i) assessment of binding energy of each individual bond that contributes to the multiple bond. Incidentally, in-situ p bonding energies have been calculated in the past [27] for a series of doubly-bonded molecules using Eq. (4), and were found to display regular and logical tendencies across the periodic table (bond strengthening upon moving from left to right). This was not the case with p bonding energies estimated in a standard way as rotational barriers, (ii) assessment of the preferred bond length of each individual bond, obtained by calculating D p e and D r e as functions of interatomic distances, (iii) respective coefficients and weights of the covalent and ionic components of the individual bonds, obtained from the VB expressions of their wave functions W p full and W r full , and (iv) for each individual bond, calculation of the resonance energy arising from the mixing of ionic structures with the covalent one, by means of Eqs. (5) and (7) . Depending on its magnitude, this quantity will qualify the bond under study as a classical covalent bond (small RE) or as a charge-shift bond [26] (large RE).
So defined, the in-situ bonding energies provide some information that cannot be obtained from experiment. However, they can be inserted in a thermodynamic cycle, Eqs. (8)-(14), which eventually yields the total bonding energy of the triple bond, which can be compared with experiment or state-of-the-art calculations. The principle of the stepwise calculation of a multiple bond dissociation energy is very simple and consists of breaking the bonds one by one, decoupling the electron pair to a triplet, as in the series: NBN ! N " @ " N ! N "" A "" N ! N """""" N ! 2N """ If the in-situ bonding energies are to be inserted in the process, one gets the following steps: 
N """ #"" N ! N """ """ N DE 6 ð13Þ
Here Eq. (8) gives the in-situ bonding energy of the p x bond, of which the electron pair is further spin-flipped in Eq. (9) to give a triplet state, and the process is repeated for the p y bond (Eqs. (10) and (11)) and for the r bond (Eqs. (12) and (13)). The complete cycle is performed at the equilibrium geometry of the triply-bonded molecule. Finally, the geometry of the septet state, where all bonds have been uncoupled to parallel spins, is relaxed to give the two separate fragments, each in their ground quadruplet state. It is clear that the sum of reaction energies DE i (i = 1-7) is equal to the total triple bond dissociation energy, regardless of the level of calculation that is used. Now, it is well known that accurately calculating multiple bond energies is challenging, owing to the necessity of taking both static and dynamic electron correlations into account, which justifies all the elaborate computational methods that have been devised (see above). Yet, the decomposition of the dissociation process as Eqs. (8)- (14) and the use of the BOVB method make the above requirement an easy task by allowing one to accurately taking into account the correlation energy effects for each step of the overall dissociation, while dealing with wave functions never larger than 3-configuration expansions, as is detailed below.
Let us consider the breaking of the p x bond, and decoupling of its two electrons to quasi-classical state (Eq. (8)) then to a triplet (Eq. (9)). In the triply bonded structure, N"N, the p x bond is described as three VB structures, one covalent and two ionic ones, as shown in Scheme 1. On the other hand, the lone pairs are left uncorrelated and described at the simple MO level, whereas the remaining bonds (p y and r) are described at the GVB level, up to the product of Eq. (9), N " @ " N. Thus, static electron correlation is ensured for all bonds: (i) for the p x bond, by means of the 3-structure description with simultaneous optimization of the coefficients and orbitals of the VB structures and (ii) by the GVB description for the remaining bonds. Furthermore, the dynamic correlation associated with the breaking of the p x bond under study is also ensured by using the BOVB method [15] , which allows each of the three VB structures to have its specific set of orbitals, different from one structure to the other (see Section 2). Thus, even if this method certainly does not provide the whole correlation energy for the molecule, still the differential correlation energy that is provided is all what is needed to yield an accurate value for DE 1 + DE 2 , which measures the energy cost of decoupling the p x electron pair to a triplet. The next steps are calculated in an analogous way. That is, for
Eqs. (10) and (11), the p y bond in N " @ " N is described as three VB structures, while the lone pair electrons and the r bond are treated at the simple MO and GVB levels, respectively, up to the product of Eq. (11), N "" A "" N. Two points are noteworthy: (1) the species N " @ " N is described differently depending on whether it is the product of reaction (9) (the p y and r bonds are described at the GVB level) or the reactant of reaction (10) (p y is now described at the BOVB level, with one covalent and two ionic classical VB structures); actually this is the key that allows an easy calculation of differential correlation energy for each step. (2) The calculations of the in-situ bonding energies of p x and p y are not strictly equivalent, as p x is surrounded by two bonds in Eq. (8) while p y is surrounded by only one bond and a triplet pair of electrons in Eq. (10). Thus, we expect slightly different values for these two quantities.
The breaking of the r bond, Eqs. (12) and (13), is done in the same spirit. Finally, Eq. (14) is the relaxation of the septuplet species N """ """ N, in which all bonds are decoupled, to two separate """ N atoms in their quadruplet states. The final multiple bonding energy of the triply bonded structure is given by summing the reaction energies of Eqs. (8)- (14) . Now, a final correction still has to be made, due to the fact that for a multiply bonded molecule like N 2 , making a triple bond (one r and two p ones) is not the only way of singlet-coupling electrons in a 6-orbital/6-electron systems. There are in fact five possible spin-coupling schemes, structures 1-5 in Scheme 2. Thus, a correction for multiple spin-coupling shall be included, and can be computed by taking the energy difference between a wave function corresponding to structure 1 alone and a wave function corresponding to the mixing of 1-5. In this particular calculation, the orbitals are of the bond-distorted type so as to implicitly include ionic structures (Eqs. (3a)-(3c)), as is done in generalized valence bond (GVB) [20] or spin-coupled [28] theories. Of course, structure 1 is by far the major one at equilibrium distance, but structures 2-5 make a non-negligible energetic contribution. The final dissociation energy for N 2 , or any other triply bonded molecule, is obtained by adding the correction DE MR for multi-reference character (Eq. (15) below) to the sum of energies DE i arising from Eqs. (8)- (14):
where the two terms in the right-hand side of Eq. (15b) represent the GVB energies of structure 1 alone and of the combination of structures 1-5, respectively.
How adequate is the perfect-pairing representation of a multiplybonded molecule ? The N 2 example
Since a 6-electron/6-orbital system like that of N 2 involves five possible linearly independent coupling schemes, one may wonder whether or not the triply-bonded structure (1 in Scheme 2) is an adequate representation of this molecule at equilibrium distance, and what is the importance of the other VB structures as one stretches the molecule. This can be easily tested by performing a full GVB calculation on this molecule, involving the five coupling schemes 1-5, and calculating their weights at various interatomic distances using Eq. (2).
The results are displayed in Fig. 1 . It appears that at equilibrium distance (1.1033 Å at the MP2/cc-pVTZ level) and shorter, the perfect-pairing structure 1 is by far the most important one, with a weight of ca. 75%, followed by structures 2-4 with weights of about 8% each. Finally, structure 5 is completely negligible at all distances. These results are quite logical since structure 1 is the most stable one as it displays three bonds, followed by 2-4 which each display one single bond, either of p or r type, whereas structure 5 does not display any bond. Now, this ordering is necessarily reshuffled as the molecule is stretched since eventually the electronic state must correspond to two N atoms each in a quadruplet state, an overall electronic state quite different from structure 1 alone in the super-system. Indeed, as the interatomic distance increases, structures 2 and 3 increase their weights, structure 4 increases its weight even more sharply, whereas the weight of structure 1 collapses, to cross the curve of structure 4 and eventually that of 2 and 3. The variations of the weights for structures 4 vs 2,3 are easily explained by the nature of the single bonds in these respective VB structures. In structure 4, the single bond is of r type, and is therefore in a geometry shorter than optimal (as will be confirmed in the next section) due to the compressing effect of the p bonds at the equilibrium distance of N 2 . Thus, stretching the molecule from equilibrium distance has, at least at the beginning, the effect of reinforcing the r bond and the weight of 4.
On the other hand, structures 2 and 3 each display a single p bond, which is destabilized by stretching. As a consequence, the difference in weights of 2/3 and 4 is increasing as the interatomic distance is stretched.
Another indication of the importance or non-importance of structures 2-5 is the calculation of the correction for multireference character, DE MR in Eq. (15b), as a function of the interatomic distance. The result is shown in Fig. 2 for the N 2 molecule. At equilibrium distance, the stabilization brought by the mixing of 2-5 with 1, as measured by DE MR , is rather low, less than 4 kcal/ mol. However, this term increases rather sharply as the interatomic distance is stretched, as shown by a quasi-linear curve as plotted with a semi-logarithmic scale, to reach ca. 40 kcal/mol at a distance of 2 Å. Thus, Figs. 1 and 2 both lead to the conclusion that the perfect-pairing approximation, on which the calculation of the total bonding energy is based, is excellent at equilibrium distance and only necessitates a small DE MR correction. On the other hand, as the correction quickly increases as the molecule is stretched, our thermodynamic cycle in Eqs. (8)- (13) could not be used to calculate a full dissociation energy curve by Eq. (15). However, this restriction does not apply to the study of individual bond energy curves in the next section. Here the orbitals that are represented are semi-localized, as in the GVB method, so that the formally covalent VB structures implicitly include the ionic ones. The dissociation energy curve of the p x bond is plotted in Fig. 3 for the N 2 molecule, with interatomic distances varying from 0.9 to 2.0 Å. It is seen that the bonding interaction is quite significant at the equilibrium distance of the molecule, ca. 122 kcal/mol, and gets even stronger at shorter distances. On the other hand, it sharply decreases as the molecule is stretched, reaching a value as small as 8 kcal/mol at a distance of 2.0 Å. This preference of p bonds for short distances was actually expected, as we have demonstrated in a previous paper [29] that there generally is a linear correlation between the in-situ bonding energies of p bonds and the inverse of the squared interatomic bond lengths.
A one-by-one study of the individual bonds
If studied in the same conditions as p x , the p y bond would of course display exactly the same characteristics, since the two bonds are perfectly equivalent. It is however interesting to study the p y bond according to Eq. (10), i.e., in the spirit of cutting the bonds one by one as in the thermodynamic cycle above (Eqs.
(8)- (14)). Thus, we start from N " @ " N, which displays a r bond and the p y bond, whereas the electrons of the former p x bond now have parallel spins. We then cut the p y bond to form a quasi-classical state N "" A #" N in which the electrons of the former p y bond have opposite spins and are not allowed to exchange their positions. Thus, the difference between Eqs. (8) and (10) lies in the environment of the bond under study: two lone pairs and two bonds for p x (Eq. (8)), vs two lone pairs, one bond and two triplet-coupled p electrons for p y (Eq. (10)). Still, despite this difference, the dissociation energy curve of p y closely matches that of p x in Fig. 3 .
The study of the r bond follows the same line, Eq. (12) . Here, the bond under study is surrounded by two lone pairs, and four electrons having parallel spins, corresponding to the former p x and p y bonds. The dissociation energy curve of this individual bond is most interesting, as it displays a maximum of bond strength for a distance of 1.33 Å, some 0.23 Å longer than the equilibrium distance of N 2 . This distance is shorter than the single NAN r bond in hydrazine (1.446 Å) , which is normal owing to the different hybridization of the orbitals implied in the r bond, sp 3 in hydrazine vs sp in N 2 (it is known that sp-sp bonds are shorter and stronger than sp 3 -sp 3 bonds). Be it as it may, this clearly shows that the r bond in N 2 (and of course presumably in all multiply-bonded molecules) is a compressed one, with a preferred bond length quantified by VB theory. The in-situ bonding energies are given in Table 1 for N 2 in its equilibrium geometry, showing that the r bond is stronger than the p ones. Another quantity of interest, for each individual bond, is the resonance energy arising from the mixing of the ionic components to the major covalent one (Scheme 1b and Eqs. (5) and (7)). It is seen that this resonance energy is quite moderate for the r bond, 23.4 kcal/mol, which represents ca. 17% of the full in-situ bonding energy, which is the range of classical covalent bonds [26] . On the other hand, the covalent-ionic resonance energies amount to significantly larger values for the p bonds, ca.
50 kcal/mol in average, i.e., about 42% of a total in-situ bonding energy of $120 kcal/mol. Such values, albeit being too small to classify the p bonds of N 2 as charge-shift bonds, still show that these p bonds have an important charge-shift character, as was already found in doubly-bonded species in a former study [27] .
The same kind of study has been performed in this work for the C 2 molecule. As shown by some recent studies at a rather high level of VB theory [30], the major VB structure for this molecule involves two p bonds and one inner r bond, just like in N 2 , plus a fourth weak outer bond between the external hybrid AOs pointing away from the molecular center, as illustrated in Scheme 3.
Whether or not this fourth coupling is strong enough to be considered as a bond has stirred some controversy [30c-f], which is not the subject of the present study. Be it as it may, the in-situ bonding energies of the p bonds and inner r bond, displayed in Table 2 , show some differences and resemblances as compared to those of N 2 . Indeed, the in-situ bonding energies are all significant for these three bonds, but consistently smaller than the corresponding ones in N 2 , which is easily understandable by the fact that C is situated on the left-hand side of N in the periodic table. On the other hand, the charge-shift characters of these individual bonds are exactly the same as those of N 2 , classifying the inner r bond as classically covalent and the p ones as close to charge-shift bonds. Finally, the outer r bond has a small in-situ bonding energy, in agreement with previous studies [30a,b,e] , and an extremely low charge-shift character, making this bond practically a (weak) purely covalent one.
Calculation of the total multiple-bond dissociation energies
The sequential breaking of individual bonds can also be used to calculate the total dissociation energy of a multiply-bonded molecule. For this purpose, the thermodynamic cycle above can be simplified, by directly uncoupling a given bond to a triplet (cutting the weakest bonds first), thus by-passing the quasi-classical state. Thus, the process is reduced to the four steps below:
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Eqs. (16)-(19) provide a way to calculate the total dissociation energy, a challenging spectroscopic constant, with extremely simple and compact wave functions, contrasting with the elaborate methods mentioned above. Another motivation for such calculations is the fact that the total dissociation energy is the outcome of the one-by-one bond-breaking, from which some quantitative information is extracted on the individual bonds. Thus, the accuracy of the total dissociation energies will be a test to check that the individual bonds are accurately described with only three VB structures, provided that an accurate VB method is used.
It is to be noted that, in Eqs. (16)-(19) as well as in Eqs. (8)- (14), an ordering has to be chosen for cutting the individual bonds one by one. Here we have chosen to cut the weakest bonds first (the p ones), in order to keep the remaining underlying bonds as little perturbed as possible. The adequacy of this choice will be numerically tested below. The total dissociation energies are shown in Table 3 , as calculated at various levels of VB theory, and compared to high-level standard calculations performed in the same cc-pVTZ basis set, and to experiment. The set of diatomic molecules that is used for this comparison has been chosen for the following reasons: N 2 is the standard test-case for the calculation of triple bond dissociation energies, C 2 is a difficult test-case with known multi-reference character [3] , and CO is a heteropolar analogue of N 2 .
To begin with, it can be seen that the dissociation energies calculated at the simple VBSCF level (column 1 in Table 3 ) are very far from the reference theoretical values and from experiment, with errors ranging from 40 to 65 kcal/mol. This is obviously due to the fact that VBSCF lacks dynamic electron correlation, just like the CASSCF standard MO-based level, which is also known to yield very poor dissociation energies for multiplybonded molecules. On the other hand, allowing for dynamic correlation to be taken into account by going from VBSCF to the BOVB level brings a dramatic improvement. Even without the correction DE MR for multi-reference character, the mere BOVBcalculated dissociation energy for N 2 , ca. 212 kcal/mol, is already quite close to the standard CCSD(T) value, ca. 216 kcal/mol, showing that the perfect-pairing approximation (by which the molecule is described as a single VB structure (1 in Scheme 2)) is excellent. Adding the DE MR correction makes the BOVBcorrected and CCSD(T) values practically equivalent. On the other hand, calculating the total dissociation energy of N 2 by cutting the bonds in a different order (the r bond first, then the p ones), would yield a larger value, 228.7 kcal/mol, practically equal to the experimental value. While this nice agreement might appear appealing, we believe that it is somewhat artificial, owing to the incompleteness of the basis set that we used. This confirms the soundness of our choice to cut the weakest bonds first in Eqs. (16)-(19), which yields a result at par with the best available calculations in the same basis set ( Table 3 ).
In sharp contrast with N 2 , the perfect pairing approximation appears as unfounded for the C 2 molecule, for which the DE MR correction is as large as 21 kcal/mol at the equilibrium geometry. This is in harmony with our finding that the ground state of C 2 is best described as a combination of VB structures, among which the triply-bonded one (actually a quadruply bonded structure if one includes the weak r-outer bond) is by far the major one, but not the only one [31] . This also confirms the known multi-reference character of this molecule, as found earlier in the framework of MO-based methods [3] . Nevertheless, the BOVB-corrected value for the dissociation energy of C 2 (third column) is excellent, in-between the experimental value and the reference theoretical value in a basis set of the same quality.
The perfect-pairing representation of carbon monoxide consists of a triple bond made of a r bond surrounded by two strongly polar p bonds. In classical VB language, each p bond can be represented as a combination of a covalent component and a significant ionic component, as shown in Scheme 4. The perfect-pairing approximation appears to be excellent, as was found for N 2 , since the DE MR correction for multi-reference character amounts to slightly less than 3 kcal/mol. Quite amazingly, the corrected BOVB value (third column) for the total dissociation energy appears to be significantly better than the reference CCSD(T) value, and close to the experimental value. BOVB-calculated bonding energies which lie in-between experimental values and best standard calculations in the same basis set are not unusual, and can be explained as follows. In the standard BOVB method, the ''inactive'' electrons, i.e., those electrons that belong to the bonds or lone pairs that are not treated at the VB level, are left uncorrelated, and lie in doubly-occupied orbitals (here the lone pairs). However, these ''inactive'' orbitals are different from one VB structure to the other, and this fact brings in a slight amount of correlation of the inactive electrons, which is not present in the dissociated products. This (small) artefact has the effect of slightly increasing the bonding energy, in a systematic way. On the other hand, using basis sets of medium size generally leads to underestimated bonding energies with respect to calculations in complete basis set. Thus, BOVB calculations in mediumsized basis sets are subject to two systematic errors which somehow compensate for each other, hence the good results that are often closer to experiment than even full CI in the same basis set [32] . In the CO case, the breathing-orbital effect is particularly large due to the importance of the ionic contributions in the p bonds (see Scheme 4) , as compared to the N 2 case in which the covalent components are expected to be largely major.
Conclusion and perspectives
Whereas the calculation of dissociation energies for multiply bonded molecules generally requires state-of-the-art methods using long configuration expansions, the VB-based stepwise procedure that is proposed here only deals with extremely compact wave functions, involving three VB structures at most at each step. Despite this simplicity, the so-calculated dissociation energies prove accurate for the test-cases investigated here, and at par with best state-of-the-art method in the same basis set. The key to the combination of accuracy and simplicity is the use of the BOVB method for describing the individual bond that is broken in a given step, while the other bonds/lone pairs are described at a lower level. In this way, both static and dynamic differential electron correlations are taken into account in each step.
The procedure is also used to extract some information on the individual bonds that cannot be given by experiment. By defining a quasi-classical state that is taken as a non-bonded reference for a given individual bond, one estimates the in-situ bonding energy (5) for the p bonds, and as in Eq. (7) for the r bond. of this bond, which is calculated without having to resort to indirect methods such as rotational barriers and so on. The so-calculated bonding energy measures the energy arising from the bonding interaction of the individual bond under study, in the presence of the other electrons and at the molecular equilibrium geometry. Calculating such bonding energies at various distances allows one to assess the preferred bond length of, e.g., the r bond of a multiple bond, which amounts to 1.33 Å in N 2 . By contrast, the p bonds get stronger and stronger as the interatomic distance is shortened. Furthermore, by calculating covalent-ionic resonance energies for individual bonds, one estimates a charge-shift factor that is small in the r bonds of N 2 and C 2 , but rather large in the p bonds of these molecules. It is concluded that the r bond in a triple bond is a classical covalent bond, whereas the p bonds are close to the category of charge-shift bonds. Extension of this work to more difficult cases, like quadruply bonded molecules or even possibly sextuply bonded molecules like Cr 2 , Mo 2 and W 2 is envisaged.
